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COMPACTIFIED MODULI OF PROJECTIVE BUNDLES
MAX LIEBLICH
ABSTRACT. We present a method for compactifying stacks of PGLn-torsors (Azumaya algebras) on algebraic
spaces. In particular, when the ambient space is a smooth projective surface we use our methods to show
that various moduli spaces are irreducible and carry natural virtual fundamental classes. We also prove a
version of the Skolem-Noether theorem for certain algebra objects in the derived category, which allows us
to give an explicit description of the boundary points in our compactified moduli problem.
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1. INTRODUCTION
In this paper, we present a method for constructing compactified moduli of principal PGLn-bundles
on an algebraic space. As a demonstration of its usefulness, we will prove the following theorem.
Irreducibility Theorem (Theorem 6.3.1). Let X be a smooth projective surface over an algebraically
closed field k and n a positive integer which is invertible in k. For any cohomology class α ∈ H2(X,µn),
the stack of stable PGLn-torsors on X with cohomology class α and sufficiently large c2 is of finite type
and irreducible whenever it is non-empty, and it is non-empty infinitely often.
The work described in this paper was partially supported at various stages by an NSF Graduate Fellowship, a Clay Liftoff
Fellowship, an NSF Postdoctoral Fellowship, and NSF grant DMS-0758391.
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Here the number c2 is meant to be the second Chern class of the adjoint vector bundle associated
to a PGLn-torsor. For the definition of stability of a PGLn-torsor, we refer the reader to Definition
6.1.2 below; in characteristic 0 it is equivalent to slope-stability of the adjoint vector bundle, while
in arbitrary characteristic one quantifies only over ideals in the adjoint (with respect to its natural
Azumaya algebra structure).
The Irreducibility Theorem may be viewed as a 0th order algebraic version of results of Mrowka
and Taubes (see e.g. [33]) on the stable topology of the space of PGLn-bundles; we show that π0 is
a singleton. Our proof arises out of a reduction of the moduli problem to another recently studied
problem: moduli of twisted sheaves. Before making a few historical remarks, let us outline the contents
of the paper.
In Section 3.4 we present a general theory of twisted objects in a stack, including the resulting
deformation theory and the relationship between twisted and untwisted virtual fundamental classes.
In Section 4 we apply this theory to PGLn-torsors to show that the stack of twisted sheaves is naturally
a cover of a compactification of the stack of PGLn-torsors. In Section 5, we give a reinterpretation of
the results of Section 4 using certain algebra objects of the derived category (generalized Azumaya
algebras), with the ultimate aim being an approach to virtual fundamental classes for spaces of stable
PGLn-torsors. The key result there is Theorem 5.1.5, a version of the Skolem-Noether theorem for
these algebra objects, which we believe should be of independent interest.
In Section 6, we specialize the whole picture to study moduli of PGLn-torsors on smooth projective
surfaces. We develop the theory of stability in Section 6.1 and use the known structure theory of moduli
spaces of twisted sheaves on a surface to prove the Irreducibility Theorem in Section 6.3. In Sections
6.4 and 6.5, we use the interpretation of the moduli problem in terms of generalized Azumaya algebras
to produce virtual fundamental classes on moduli spaces of stable PGLn-torsors on surfaces. In Section
6.6, we record a question due to de Jong regarding potentially new numerical invariants for division
algebras over function fields of surfaces arising out the virtual fundamental classes constructed in
Section 6.5.
Historical remarks. As has become clear in the history of algebraic geometry, a propitious choice
of compactification of a moduli problem can lead to concrete results about the original (usually open)
subproblem which is being compactified. Thus, Deligne and Mumford proved that Mg is irreducible
by embedding it as an open substack of Mg and connecting points by first degenerating them to the
boundary. Similarly, O’Grady approached the moduli of semistable vector bundles on a surface by
considering the larger space of semistable torsion free sheaves and showing that the boundary admits
a stratification by spaces fibered over moduli of stable vector bundles with smaller c2. Combining
this inductive structure with delicate numerical estimates allowed him to prove that the spaces of
semistable vector bundles with sufficiently large c2 are irreducible. (This is very beautifully explained
in Chapter 9 of [16].) The similarity between the Irreducibility Theorem above and O’Grady’s results
for stable sheaves is traceable to the fact that our compactification is closely related to the space of
twisted sheaves, so that we get a similar inductive structure on the moduli problem from the geometry
of its boundary.
Various attempts have been made at constructing compactified moduli spaces of G-torsors for ar-
bitrary (reductive) groups G (the reader can consult [11], [17], [21], [30], and [31] for a sampling of
moduli problems and techniques). Of course, when G = GLn, one can take torsion free sheaves, and
when G = SLn, one can take torsion free sheaves with a trivialized determinant. In the existing liter-
ature, most compactifications proceed (at least in the case where the center of G is trivial) essentially
by encoding a degeneration of a principal G-bundle in a degeneration of its adjoint bundle to a torsion-
free sheaf along with data which remember the principal G-bundle structure over the open subspace
on which the degenerate sheaf is locally free.
We show how one can analyze the caseG = PGLn using more subtle methods, which roughly amount
to allowing a principal bundle to degnerate by degenerating its associated adjoint bundle to an object
of the derived category (rather than simply a torsion free sheaf). By controlling the nature of these
derived objects, we arrive at a compact moduli stack whose geometry is as tightly controlled as that
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of the stack of SLn-bundles. This “tight control” is formalized precisely by the covering using twisted
sheaves.
Acknowledgments. The results of this paper are an extension of part of the author’s PhD thesis. He
would like to thank his adviser, A. J. de Jong, for many helpful conversations. The author also greatly
benefitted from contact with Dan Abramovich, Jean-Louis Colliot-The´le`ne, Toma´s Go´mez, Daniel Huy-
brechts, Martin Olsson, and Ko¯ta Yoshioka during various stages of this project. He thanks the referee
for useful comments.
2. NOTATION
All stacks will be stacks in groupoids. Thus, given an algebraic structure (e.g., torsion free sheaf),
the stack of objects with that structure will be assumed to keep track only of isomorphisms.
Given a geometric morphism f : X → S of topoi and a stack S on X , f∗S will denote the stack on
X whose sections over an object T ∈ S are the sections of S over π−1T ∈ X . We will often write T → S
for the map to the final object of S and we will often use X ×S T to denote the object f
−1(T ). Most of
the topoi we encounter will be the usual e´tale or fppf topos of an algebraic space or stack, but we do
include a few which are slightly less conventional (e.g., the relative small e´tale topos of Section 3.2).
A stack over an algebraic space will be called quasi-proper if it satisfies the existence part of the
valuative criterion of properness over discrete valuation rings (allowing finite extensions, as is usually
required for algebraic stacks). Given a Deligne-Mumford stack M with a coarse moduli space, we will
let Mmod denote the coarse space. Given a moduli space (stack) M of sheaves on a proper algebraic
space X , we will letM lf denote the open subspace parametrizing locally free sheaves.
The notation (O,m, κ) will mean that O is a local ring with maximal ideal m and residue field κ.
3. GENERALITIES
Throughout this section, we fix a geometric morphism of ringed topoi f : X → S. (In various
subsections, there will be additional hypotheses on the nature of X , S, or f , but the notation will
remain unchanged.)
3.1. Stacks of sheaves. There are various types of sheaves which will be important for us. We recall
important definitions and set notations in this section. Let Z be an algebraic space and F a quasi-
coherent sheaf of finite presentation on Z.
The sheaf F is
(1) perfect if its image in D(OZ) is a perfect complex;
(2) pure if for every geometric point z → Z the stalk Fz (which is a module over the local ring O
hs
z,Z)
has no embedded primes;
(3) totally supported if the natural map OZ → End(F ) is injective;
(4) totally pure if it is pure and totally supported.
The key property of perfect sheaves for us will be the fact that one can form the determinant of any
such sheaf. The reader is referred to [19] for the construction and basic facts.
It is clear that all of these properties are local in the e´tale topology on Z (in the sense that they hold
on Z if and only if they hold on an e´tale cover). Thus, we can define various stacks on the small e´tale
site of Z. We will write
(1) TZ for the stack of totally supported sheaves;
(2) T
parf
Z for the stack of perfect totally supported sheaves;
(3) PZ for the stack of pure sheaves;
(4) P
parf
Z for the stack of perfect pure sheaves;
(5) if M denotes any of the preceding stacks, we will use M (n) to denote the substack parametriz-
ing sheaves with rank n at each maximal point of Z.
In particular, if n > 0 then PparfZ (n) parametrizes perfect totally pure sheaves.
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3.2. The relative small e´tale site. We recall a few pieces of pure nonsense that will help us apply
the techniques of Section 3.4 below to study moduli problems. In this section, we assume that f is a
morphism of algebraic spaces.
Definition 3.2.1. The relative small e´tale site of X/S is the site whose underlying category consists of
pairs (U, T )with T → S a morphism and U → X×ST an e´tale morphism. A morphism (U, T )→ (U
′, T ′)
is an S-morphism T → T ′ and an T -morphism U → U ′ ×′T T . A covering is a collection of maps
{(Vi, T )} → {(U, T )} such that Vi → U form a covering.
We will denote the topos of sheaves on the relative small e´tale site by Xre´t. There is an obvious
geometric morphism of topoi Xre´t → TE´T. (In fact, Xre´t is just the “total space” of a fibered topos over
TE´T whose fiber over T → S is just the small e´tale topos of X ×S T .)
The relative small e´tale topos is naturally suited to studying moduli of T -flat sheaves on X (as
pushforwards of X-stacks).
Proposition 3.2.2. Pullback defines a natural equivalence of the category of quasi-coherent sheaves on
X with the category of quasi-coherent sheaves on Xre´t. Moreover,
(1) there is a stack CX/S → Xre´t whose sections over (U, T ) parametrize quasi-coherent sheaves on
U which are T -flat and which are locally of finite presentation;
(2) if M denotes any of the stacks from Section 3.1, there is a substack MX/S ⊂ CX/S whose sections
over (U, T ) are T -flat quasi-coherent sheaves F of finite presentation on U such that for each
geometric point t→ T , the restriction Ft lies in MUt ;
(3) for each M , there is a substack M
parf
X/S ⊂ MX/S parametrizing F such that each Ft is perfect;
(4) for any M
parf
X/S as in the previous item, there is a substack M
O
X/S(n) ⊂ M
parf
X/S parametrizing
sheaves F such that each fiber Ft has rank n at each maximal point of Ut, along with a global
trivialization detF
∼
→ OU .
In the last item, we implicitly use the standard fact that a sheaf which is perfect on each geometric
fiber is perfect. As an example, we have that POX/S(n) denotes the stack on Xre´t whose objects over
(U, T ) are pairs (F , δ) with F perfect and T -flat, δ : detF
∼
→ OU an isomorphism, and such that for
each geometric point t→ T , the sheaf Ft has rank n at each maximal point of Ut.
The proof of Proposition 3.2.2 is essentially a sequence of tautologies and is omitted. Note that we
cannot make any claims about algebraicity of C , T , or P because such a statement is meaningless
for stacks on Xre´t. However, when f : X → S is a proper morphism of finite presentation between
algebraic spaces, it is of course standard that the pushforward of CX/S to SE´T is an algebraic stack (and
similarly for any MX/S or M
O
X/S , as the added conditions are open and the addition of a trivialization
of the determinant is algebraic).
The following lemma will be useful later.
Lemma 3.2.3. Suppose f : Y → Z is a flat morphism of locally Noetherian schemes and F is a Z-flat
coherent sheaf on Y . If the restriction of F to every fiber of f is totally supported, then F is totally
supported on Y .
Proof. We may assume that X = SpecB and S = SpecA are local schemes and that f is the map
associated to a local homomorphism ϕ : A → B. Write F for the stalk of F at the closed point
of B. Choosing generators x1, . . . , xn for F , we find a surjection B
n
։ F which yields an injection
End(F ) →֒ Fn. The composition of this injection with the natural inclusion of B sends 1 ∈ B to the
n-tuple (x1, . . . , xn) ∈ F
n. We will show that this map ι : B → Fn is an injection. Note that ι respects
base change in the sense that for any A-algebra C, ι⊗A C is the map corresponding to the composition
C → EndC(F ⊗A C) → (F ⊗A C)
n. As the right-hand map in that sequence is always an injection, we
find that the left-hand map is an injection if and only if ι⊗A C is an injection.
We proceed by “infinitesimal induction” relative to A, i.e., write A with the mA-adic topology as an
inverse limit of small extensions {Am} with A0 = k(A), the residue field of A. We will show that
lim
←−
ιm : B̂ → F̂
n is an injection. Krull’s theorem and the obvious compatibility then show that ι itself
is an injection.
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By hypothesis ι0 is an injection. Suppose by induction that ιm is an injection. Let ε generate the
kernel of Am+1 → Am. By flatness, there are identifications εBm+1 ∼= (ε)⊗Am+1 Bm+1
∼= B0 and
εFnm+1
∼= (ε)⊗Fnm+1
∼= Fn0 , and under these identifications, ε · ιm+1 is identified with ι0. Now consider
the diagram
0 // εBm+1 //

Bm+1 //

Bm //

0
0 // εFnm+1 // F
n
m+1
// Fnm // 0.
By the Snake Lemma and the inductive hypothesis, the kernel of the left-hand vertical map is iden-
tified with the kernel of the middle map (which is ιm+1). But the left-hand map is identified with ι0,
hence is injective. 
In particular, a section of T OX/S over T → S lies in T
parf
XT
(XT ). This will be essential when we study
relative generalized Azumaya algebras in Section 3.2.3.
3.3. Azumaya algebras. For the sake of completeness, we recall a few basic facts about Azumaya
algebras, which can be thought of as coherent models for PGLn-torsors. We suppose that f : X → S is
a proper morphism of finite presentation between algebraic spaces. By abuse of notation, we will also
write f for the induced geometric morphism Xre´t → SE´T
Let G → S a flat linear algebraic S-group of finite presentation. It follows from the definition that
f∗ BGX is the stack of (e´tale) G-torsors onX , whose sections over an S-scheme T are GT -torsors onXT .
Lemma 3.3.1. The stack f∗ BGX is an Artin stack locally of finite presentation over S.
Sketch of proof. By the usual arguments, we may assume that S is the spectrum of an excellent
Noetherian ring (even a finite type Z-algebra if we so desire) and that there is a closed immersion
G →֒ GLn,S for some n. It is well-known that the stack f∗ BGLn is an Artin stack locally of finite
presentation over S. (One can see [22] for the case of X projective or apply the main theorem of
[4] – using the standard deformation theory of [1] and the usual Grothendieck existence theorem of
[12] – in the arbitrary proper case.) Furthermore, extension of structure group yields a 1-morphism
ε : f∗ BG → f∗ BGLn; it suffices to show that ε is representable by algebraic spaces locally of finite
presentation. To see this, let T → f∗ BGLn be any morphism over S, corresponding to some GLn-torsor
V onXT . The fiber product f∗ BG×f∗ BGLnT is identified with the sheaf of reductions of structure group
of V to G, which is simply V/G. Thus, we will be done if we show that f∗(V/G) is an algebraic space
locally of finite presentation over T .
By Corollary 6.3 of [4], the quotient sheaf V/G is representable by a separated algebraic space
of finite presentation over XT . The fact that f∗(V/G) is an algebraic space may be seen in several
ways. Here is one of them: we can identify it with the fiber of HomT (XT , V/G) → HomT (XT , XT ) over
the section idXT . Thus, it suffices to show that HomT (XT , V/G) is an algebraic space locally of finite
presentation over T ; this is a standard result, as XT is proper and V/G is separated. Its algebraicity
follows from e.g. Artin’s theorem or from the methods of [26]. 
In the case of G = PGLn,S , there is a natural closed immersion G →֒ GLn2 given by the action
of PGLn on Mn(O) by conjugation (the adjoint representation). In this case, one in fact has that
PGLn = Autalg(Mn(O)). Thus, there this is a very concrete way to describe those bundles admitting
a reduction of structure group to PGLn: they are those bundles such that the associated locally free
sheaves of rank n2 carry the structure of Azumaya algebra.
Definition 3.3.2. An Azumaya algebra A of degree n on a ringed topos T is a form ofMn(OT ).
More precisely, to give a reduction of structure group on a GLn2-torsor is to give a multiplication on
the associated locally free sheaf making it into an Azumaya algebra. The diagram
1 // Gm // GLn // PGLn // 1
1 // µn //
OO
SLn //
OO
PGLn // 1
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(where the horizontal sequences are exact in the fppf topology, with the bottom exact in the e´tale
topology only if n is invertible on S) gives rise to a diagram of coboundary maps in non-abelian (flat)
cohomology
H2(T,Gm)
H1(T,PGLn)
77ooooooooooo
''OO
OO
OOO
OOO
O
H2(T,µn).
OO
In Giraud’s theory (section V.4.2 of [10]), one can be more precise: given a PGLn-torsor P → T , the
cohomology class cl(P ) ∈ H2(T,µn) is precisely that given by the µn-gerbe of liftings (reductions of
structure group) of T to an SLn-torsor. In the language of Azumaya algebras, this is accomplished by
looking at the gerbe of trivializations: a trivialization of A is given by a triple (V , δ, ϕ) with V a locally
free sheaf, δ : detV
∼
→ O a trivialization of the determinant, and ϕ : End(V )
∼
→ A an isomorphism.
3.4. Twisted objects and rigidifications. In this section, we give a possible definition for a twisted
object in a stack (relative to an abelian gerbe). We then review a basic stack-theoretic construction
of Abramovich, Corti, and Vistoli [2] and show how pushing it forward naturally yields coverings by
stacks of twisted objects.
3.4.1. Twisted objects. Let S → X be a stack. Suppose (for the sake of simplicity) that A is an abelian
sheaf on X admitting a central injection χ : A→ I (S ) into the inertia stack of S . Let X → X be an
A-gerbe on X . (Since A is abelian, we may view this as an X-stack along with an identification of A
with the inertia stack I (X ).)
Definition 3.4.1.1. An X -twisted section of S over T → X is a 1-morphism f : X ×X T → S such
that the induced map A → I (X ×X T ) → f
∗I (S ) is identified with the pullback under f of the
canonical inclusion χ : A→ I (S ).
The collection of X -twisted sections of S forms a substack of the Hom-stack HomX(X ,S ), as the
condition on the inertial morphism is local on the base of any family. We will write this substack as
S X . Note that there is a natural central injection A→ I (S X ) given by acting on a map X → S by
acting on sections of S , or (what amounts to the same thing by the twisted condition) on the sections
of X .
The following transition results will prove useful.
Lemma 3.4.1.2. Let S be an X-stack and σ : X → S a section. There is an essentially unique 1-
morphism BAut(σ)→ S sending the section corresponding to the trivial torsor to σ.
Proof. Let σ ⊂ S be the stack-theoretic image of σ (so that σ factors as an epimorphism X → σ
followed by a monomorphism σ → S ). By definition, σ is the substack of S consisting of objects which
are locally isomorphic to σ(X). Given an object Y of σ over some X-space T , the sheaf IsomT (Y, σ(T ))
is an Aut(σ)T -torsor; this defines a 1-morphism γ : σ → BAut(σ).
To check that this is a 1-isomorphism, we choose a cleavage forS . It is enough to prove that γ is fully
faithful on fiber categories, as it is clear that any torsor is locally in the image of γ. Let Y and Y ′ be two
objects of σT , and consider the induced map of sheaves Isom(Y, Y
′) → Isom(Isom(X,Y ), Isom(X,Y ′)).
Since Y and Y ′ are both locally isomorphic to X , this map of sheaves is trivially a surjection. Thus, we
are done once we show that it is injective, for which it suffices (by the universality of the argument) to
show that it is injective on global sections.
The map described in the statement is simply the 1-inverse of σ → BAut(σ). 
Proposition 3.4.1.3. Given a section σ : X → X , the natural restriction map S X → HomX(X,S ) =
S is a 1-isomorphism.
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Proof. Given a section of S , the injection A → I (S ) combined with Lemma 3.4.1.2 yields an es-
sentially unique induced map BA → S which respects the A-structures on the inertia stacks. This
construction gives an isomorphism S → S BA. Using σ to identify X with BA, we have just described
the inverse of the natural map given in the statement. 
Proposition 3.4.1.4. Let X and Y be A-gerbes on X . There is a natural 1-isomorphism
(S X )Y
∼
→ S Y ∧X
of stacks of twisted objects.
Proof. Consider the diagram
Hom(Y ,Hom(X ,S )) Hom(Y ×X ,S )
Hom(Y ∧X ,S )
OO
(S X )Y
OO
//________
S Y ∧X
OO
The top equality comes from the natural adjunction and the uppermost vertical right map comes from
the natural map m : Y ×X → Y ∧X . The map A×A→ I (Y ×X )→ m∗I (Y ∧X ) = A is just the
addition map, from which it follows that a unique (up to 2-isomorphism) dashed arrow exists filling in
the diagram. The fact that every arrow is either an equality or an inclusion shows that the dashed
arrow is a 1-isomorphism. 
3.4.1.5. There is a more ad hoc description of X -twisted objects into terms of a cocycle representing
the cohomology class of X . This can be useful for its value in constructing quick (but perhaps not
philosophically satisfying) proofs, but we will not use this formalism. In order to make the definition,
we must fix a cleavage (pseudo-functor structure) on S .
Given X , we can choose a hypercovering U• → X which splits X , in the following sense:
(1) there is a section σ of X over U0, and
(2) the two pullbacks of σ to U1 are isomorphic, say via ϕ.
Computing the coboundary of ϕ and using the fact that X is an A-gerbe yields a 2-cocycle a ∈ Γ(U2, A).
It is a standard fact that this cocycle represents the same cohomology class as X . Slightly more subtle
is the fact that one can explicitly construct a gerbe from a cocycle on a hypercovering. (This gerbe is
just the stack of “twisted A-torsors”; we will not describe it in detail here.)
Definition 3.4.1.6. Given (U•, a) as above, a (U•, a)-twisted section of S over T → X is given by
(1) a 1-morphism ϕ : U0 ×X T → S , and
(2) a 2-morphismψ : (p10)
∗ϕ
∼
→ (p11)
∗ϕ, where p10 and p
1
1 are the two natural maps U1×XT → U0×XT ,
subject to the condition that the coboundary δψ ∈ Aut((p20)
∗ϕ) is equal to the action of a (via the
inclusion of A in I (S )).
It is clear that (U•, a)-twisted objects of S form a stack on X .
Moreover, given an X -twisted object of S over T , the construction of (U•, a) induces a (U•, a)-twisted
object of S over T .
Proposition 3.4.1.7. There is a natural equivalence between the stack of X -twisted objects of S and
(U•, a)-twisted objects of S .
Sketch of proof. First, let f : X → S be an X -twisted object of S . Let ϕ : U0 → X → S be the
composition of f with the map coming from the chosen trivialization of X over U0. Via the cleavage
on S , the two maps U1 → U0 give an isomorphism ψ : (p
1
0)
∗ϕ
∼
→ (p11)
∗ϕ of the pullbacks. The condition
that f be X -twisted shows that the action of the coboundary is precisely multiplication by a, giving a
(U•, a)-twisted object of S .
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By descent theory, the statement that this gives an equivalence boils down to the proposition that a
morphismX → S is equivalent to a natural transformation between fibered categories. (This requires
some careful justification, which for example comes from the realization of X as the stack of a-twisted
torsors with respect to the pair (U•, a). Since we will not use this formalism in this paper, we will not
go into the rather unpleasant details.) 
3.4.2. Pushing forward rigidifications. Let S → X be a stack on X with inertia stack I (S ) → S .
Suppose A is an abelian sheaf on X admitting a central injection AS →֒ I (S ). In [2], Abramovich,
Corti, and Vistoli construct the rigidification of S along A, denoted S( A (using the notation of
section 5 of [29]). It is characterized by a universal property: there is a 1-morphism S → S( A
which is 1-universal among morphisms ϕ : S → T for which AS is in the kernel of the induced map
I (S )→ ϕ∗I (T ). We will freely use the standard fact that S → S( A is representable by A-gerbes.
Remark 3.4.2.1. While all existing references discuss rigidifications only for algebraic stacks on the
category of S-schemes for some scheme S, the abstract nonsense works perfectly well for stacks on any
site. We will implicitly use this in what follows.
In this section we study the morphism f∗S → f∗(S(A). Given an S-space T → S and a 1-morphism
γ : T → f∗(S( A), there results an AT -gerbe on X ×S T , coming from the fact that S → S( A is
represented by A-gerbes and the fact that T → f∗(S( A) corresponds to a morphism X ×S T → S( A.
Definition 3.4.2.2. With the above notation, the A-gerbe associated to γ will be denoted Xγ and called
the gerbe of γ. The class of Xγ in H
2(X ×S T,A) will be called the (cohomology) class of γ.
Proposition 3.4.2.3. Let X → X be an A-gerbe. There is a canonical isomorphism S X( A ∼= S( A.
Moreover, for any T → S, a 1-morphism γ : T → f∗(S( A) lifts to a 1-morphism T → f∗(S
Xγ ).
Proof. Consider the following diagram
(3.4.2.3.1) S X //



HomX(X ,S )

HomX(X,S( A)
// HomX(X ,S( A)
S( A.
The X -twisted condition shows that the dashed arrow exists, and since every arrow in question is a
monomorphism, the dashed arrow is unique up to 2-isomorphism. By the universal property of(, there
results a natural morphism ν : S X( A→ S( A.
To show that ν is an equivalence, we may work locally on X and assume that X is trivial. In this
case, Proposition 3.4.1.3 shows that the dashed arrow in (3.4.2.3.1) is the image of a 1-isomorphism
S
∼
→ S X which respects the A-structures. It follows that the map on rigidifications is an isomor-
phism, as desired. 
Definition 3.4.2.4. Given an A-gerbe X → X , let fX∗ (S( A) denote the stack-theoretic image of
f∗(S
X ) under the natural map f∗(S
X ) → f∗(S( A). We will call f
X
∗ (S( A) the X -twisted part of
f∗(S( A).
Lemma 3.4.2.5. Given an A-gerbe X → X and a 1-morphism ϕ : T → fX∗ (S( A), there is an e´tale
surjection U → T and an isomorphism T ×fX
∗
(A(A) f∗(S
X )|U ∼= f∗ BA|U .
Proof. By construction f∗(S
X )→ fX∗ (S(A) is an epimorphism of stacks, so there is some U → T such
that ϕ|U lifts into f∗(S
X ). Thus, it suffices to show that if ϕ lifts to f∗(S
X ) then the fiber product is
isomorphic to f∗ BA. In this case the gerbe Xγ → X ×S T is isomorphic to BA. The result follows from
the compatibility of the formation of fiber product with pushforward. 
8
3.4.3. Deformation theory. In this section we assume that f is a propermorphism of finite presentation
between algebraic spaces and A a tame constructible abelian e´tale sheaf.
We assume throughout this section that f∗A andR
1f∗A are finite e´tale over S. (It is known that they
are both constructible; if f is smooth and A is the pullback of a finite e´tale group scheme then this
hypothesis will be satisfied. This will be the case in applications of interest to us.)
Lemma 3.4.3.1. There is a natural morphism f∗ BA→ R
1f∗A which realizes f∗ BA as a f∗A-gerbe over
R1f∗A.
Proof. Recall thatR1f∗A is defined as the sheafification of the functor (T → S) 7→ H
1(X×S T,A) on the
big e´tale site of S. A section of f∗ BA over T → S corresponds to an A-torsor T on X ×S T . In fact, the
set of isomorphism classes of objects of f∗ BA over T is naturally isomorphic to H
1(X ×S T,A). Thus,
R1f∗A is the sheafification of the stack f∗ BA, from which it immediately follows that f∗ BA → R
1f∗A
is a gerbe. It remains to identify the inertia stack I (f∗ BA). But the inertia stack of BA is naturally
identified with A, from which it follows that there is a natural isomorphism f∗A
∼
→ I (f∗ BA). 
Corollary 3.4.3.2. The cotangent complex of f∗ BA over S is trivial.
Proof. By the usual triangles and the fact that R1f∗A is e´tale over S, it suffices to show that if Γ is a
finite e´tale group scheme and Y → Y is a Γ-gerbe then the cotangent complex of Y over Y is trivial.
But this follows immediately from the fact that Y there is a surjection U → Y such that U is e´tale
over both Y and Y . 
Corollary 3.4.3.3. The natural map χ : f∗(S
X )( f∗A → f
X
∗ (S( A) is representable by finite e´tale
covers.
Proof. By Lemma 3.4.2.5, the fiber of χ is locally f∗ BA( f∗A. Applying Lemma 3.4.3.1 shows that this
is preciselyR1f∗A. 
Lemma 3.4.3.4. If f : S → S ′ is a map of S-stacks which is representable by fppf morphisms of
algebraic stacks then S is algebraic if and only if S ′ is.
Proof. First, we show that the diagonal of S is separated, quasi-compact, and representable by alge-
braic spaces if and only if the same is true for S ′. To this end, let T ′ → S ′ ×S ′ be a morphism with
T ′ an affine scheme. Consider the diagram
S //

S ×S

I
>>|||||||| //

T
::uuuuuuuuuu

S ′ // S ′ ×S ′
I ′ //
>>}}}}}}}}
T ′
::uuuuuuuuu
whose terms we now explain. The sheaf I ′ is the pullback of T ′ along the diagonal. By assumption,
the fiber product S ×S ×S ′×S ′ T
′ is an algebraic stack over T ′ with fppf structure morphism. Thus,
we may let T be a scheme which gives a smooth cover, and then we let I be the pullback sheaf of T
along the diagonal of S . We see that I → I ′ is relatively representable by fppf morphisms of algebraic
spaces. By a result of Artin [22, 10.1], I is an algebraic space if and only if I ′ is.
It remains to show that S has a smooth cover by an algebraic space if and only if S ′ does. In fact,
it suffices to replace the word “smooth” by “fppf,” by Artin’s theorem [ibid.]. But then the statement is
clear. 
Proposition 3.4.3.5. Given anX-stackS and an A-gerbe X → X , the stack f∗(S
X ) is an Artin (resp.
DM) stack if and only if the stack fX∗ (S( A) is an Artin (resp. DM) stack.
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Proof. This follows immediately from Lemma 3.4.2.5, Lemma 3.4.3.1, and Lemma 3.4.3.4. 
3.4.3.6. We apply the above considerations to give a relation between certain virtual fundamental
classes on f∗(S
X ) and fX∗ (S( A).
Proposition 3.4.3.7. Let ξ : Z → W be a map of S-stacks. Suppose there is a tame finite e´tale group
scheme G→ S and a central injection GZ →֒ I (Z ) such that
(1) the map GZ → I (Z )→ ξ
∗I (W ) is trivial;
(2) the induced 1-morphism Z( G→ W is representable by finite e´tale morphisms of degree invert-
ible on W .
Given a perfect complex E ∈ D(W ) and a map ξ∗E → LZ /S which gives a perfect obstruction theory,
there is a map E → LW /S giving a perfect obstruction theory.
Proof. Write Z := Z ( G. We have a diagram Z → Z → W with the property that the relative
cotangent complex of any pair vanishes. We first claim that any map ξ∗E → LZ /S is the pullback of
a map E |
Z
→ L
Z /S . This follows from the fact that A acts trivially on the sheaves making up the
complexes E and LZ /S and the usual description of sheaves on gerbes in terms of the representation
theory of A.
Thus, to prove the result, we are reduced to the case where Z → W is representable by finite e´tale
maps with invertible degrees. In this case, there is a splitting trace map given by dividing the trace of
the covering by the degree. Note that LZ /S = ξ
∗LW /S , so that the perfect obstruction theory becomes
a map α : ξ∗E → ξ∗LW /S . Taking the splitting trace produces a map E → LW /S , which is a perfect
obstruction theory because it is a summand of ξ∗α. 
Corollary 3.4.3.8. A complex in D(fX∗ (S( A)) can be realized as a perfect obstruction theory if and
only if its pullback to f∗(S
X ) can be realized as a perfect obstruction theory.
4. COMPACTIFIED MODULI OF PGLn-TORSORS: AN ABSTRACT APPROACH
In this section we compactify the moduli of PGLn-torsors using the techniques of Section 3.4 and
use the structure of our compactification to prove the Irreducibility Theorem. In Section 5 we will give
a more concrete description of the abstract compactification we construct here and use it to describe
the virtual fundamental class on the moduli stack.
Throughout this section, f : X → S will be a proper flat morphism of finite presentation between
algebraic spaces, n will be an integer invertible on S, and π : X → X will be a fixed µn-gerbe. We will
abuse notation and let f also stand for the geometric morphism Xre´t → SE´T.
4.1. Twisted sheaves. We briefly describe how the theory developed in Section 3.4.1 works out in the
case of twisted objects of the stack of coherent sheaves onX/S. We fix the µn-gerbe X → X and do the
twisting with respect to the natural inclusion of µn into the inertia stack of f∗CX/S (see Proposition
3.2.2).
Definition 4.1.1. An X -twisted object of f∗CX/S over T → S is called a flat family of X -twisted
coherent sheaves parametrized by T .
If the fibers of the family are torsion free, we will speak of a flat family of torsion free X -twisted
sheaves, etc. The reader is referred to paragraph 2.2.6.3 of [25] for a discussion of associated points,
purity, and torsion free sheaves on Artin stacks.
Concretely, an X -twisted sheaf is a sheaf F on X such that the representation of µn on each
geometric fiber of F is given by scalar multiplication. These sheaves were originally introduced by
Giraud in [10] and have found various recent applications in mathematical physics and in algebra.
Notation 4.1.2. The stack of totally pure X -twisted coherent sheaves with rank n and trivialized
determinant will be denoted TwX /S(n,O).
It is relatively straightforward to prove that TwX /S(n,O) is an Artin stack locally of finite presen-
tation over S. This is done in detail in section 2.3 of [25]. Earlier work on twisted sheaves in the
context of elliptic fibrations and K3 surfaces was carried out by Ca˘lda˘raru [7, 8], and a study of their
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moduli for projective varieties, with a description of the moduli spaces associated to K3 and Abelian
surfaces, by Yoshioka [36]. Applications of Yoshioka’s results to a conjecture of Ca˘lda˘raru were discov-
ered by Huybrechts and Stellari (described in the appendix to [36]). The abstract approach taken here
has also proven useful in the study of certain arithmetic questions [27]. When X admits a locally free
twisted sheaf V (i.e., when its class in H2(X,Gm) lies in the Brauer group of X), X -twisted sheaves
are equivalent to π∗End(V )-modules, where the problem of constructing moduli under various stability
conditions was first studied by Simpson [32]. The case in which the π∗End(V )-modules have rank 1
was studied by Hoffmann and Stuhler [15]; they also produced a symplectic structure on the moduli
space when X is a K3 or abelian surface, giving results analogous to those of Yoshioka.
4.2. Compactification by rigidification. The natural map SLn → PGLn gives an “extension of
structure group” morphism ε : BSLn → BPGLn.
Lemma 4.2.1. The map ε induces an isomorphism BSLn(µn
∼
→ BPGLn.
Proof. Given a stack S , there is a natural equivalence of categories between morphisms BSLn → S
and SLn-equivariant objects of S . (The reader is referred to section 3.A of [20] for a description of this
equivalence.) On the other hand, there is clearly a natural equivalence between PGLn-equivariant
objects of S and SLn-equivariant objects on which the µn ⊂ SLn acts trivially. But these correspond
precisely to morphisms BSLn → S such that the induced map on inertia annihilates µn ⊂ I (BSLn).
The lemma follows from the universal property of the rigidification. 
Taking the associated locally free sheaf with trivialized determinant yields an inclusion BSLn ⊂
T OX/S(n). (Note that the natural target is not P
O
X/S(n) unless the fibers of X/S are Cohen-Macaulay.)
Moreover, there is a natural inclusion µn →֒ I (T
O
X/S(n)) extending the inclusion over BSLn. It follows
that there is an inclusion BPGLn →֒ (T
O
X/S(n)( µn).
There is a natural morphism from χ : f∗ BPGLn → R
2f∗µn which we may define as follows. (Note
that since X is proper over S, the sheaf R2f∗µn on SE´T is a quasi-finite algebraic space of finite pre-
sentation by Artin’s theorem. A proof in terms of algebraic spaces may be found in the last chapter of
[5].) Given an object of f∗ BPGLn = f∗(BSLn(µn) over some T → S, there is an associated µn-gerbe on
X ×S T (see Definition 3.4.2.2), and we simply take the image in H
0(T,R2f∗µn).
Lemma 4.2.2. The stack f∗(T
O
X/S(n)( µn) is an Artin stack locally of finite presentation over S. If in
addition f is smooth then the stack is quasi-proper.
Proof. Since R2f∗µn is an algebraic space, it suffices to show that χ makes f∗(T
O
X/S(n)) into an alge-
braic (R2f∗µn)-stack of finite presentation. To prove this, it suffices to work locally on R
2f∗µn. Thus,
as any section ofR2f∗µn (and in particular, the “universal section” given by the identity map) is locally
associated to the cohomology class of a µn-gerbe, we see that it suffices to prove that, given a µn-gerbe
X → X , the stack fX∗ (T
O
X/T (n)( µn) is an Artin stack locally of finite presentation. Applying Propo-
sition 3.4.3.5, we see that it suffices to prove that f∗((T
O
X/T (n))
X ) is an Artin stack locally of finite
presentation. But this is an open substack of the stack of perfect X -twisted sheaves with trivialized
determinant, which is known to be Artin and locally of finite presentation. (For the proof that it is
an Artin stack, the reader is referred to section 2.3 of [25]. The condition that the fibers be perfect is
clearly an open condition, and closed if X/S is smooth.)
Suppose f is smooth, and let (R, (t), κ) be a discrete valuation ring over S with fraction field K.
Suppose SpecK → f∗(T
O
X/S(n)( µn) is a 1-morphism. We may suppose without loss of generality
that S = SpecR. Since f is proper and smooth, R2f∗µn is finite and e´tale over R. Making a finite
base change (which is permitted in the stacky version of the valuative criterion), we may assume that
R2f∗µn is a disjoint union of sections over SpecR. It follows that to prove that f∗(T
O(n)( µn) is
quasi-proper, it suffices to prove that f∗((T
O
X/S(n))
X ) is quasi-proper, where X → X is an arbitrary
µn-gerbe. Since X is regular, the condition that the twisted sheaf be perfect is trivial, and the result
comes down to showing that given a discrete valuation ring R and a torsion free X -twisted sheaf F
of rank n with trivialized determinant over the generic point of R, there is an extension of F to a flat
family over a finite flat extension of R such that the trivialization of the determinant extends.
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LetK be the fraction field of R and κ its residue field. It is easy to see that any flat extension G of F
will have trivial determinant (as all invertible sheaves on SpecR are trivial). Choose an isomorphism
ι : detG
∼
→ O. Composing with the fixed generic isomorphism detF
∼
→ OXK yields an injection
α : detG → OXK (the latter being viewed as a sheaf on X by pushforward from XK). Since X is
geometrically connected, the trivial invertible OXR-subsheaves of OXK all have the form t
sOXR for
some s ∈ Z. Taking an nth root of t if necessary (which may result in a finite extension of R), we
may assume that s = ns′ for some integer s′. Replacing G by G (t−s
′
) yields detG (t−s
′
) = (detG )(t−s).
Thus, via ι and the given isomorphism detF
∼
→ O, detG (t−s
′
) gets identified with t−stsO, i.e., ι yields
a trivialization of detG (t−s
′
) which extends that of detF , as desired. 
Lemma 4.2.3. The natural map f∗ BPGLn → f∗(T
O
X/S(n)( µn) is representable by open immersions.
Proof. It again suffices to prove this for f∗ BSL
X
n and f∗(T
O
X/S(n))
X , where we note that f∗ BSL
X
n
parametrizes locally free X -twisted sheaves of rank n and trivialized determinant and hence consti-
tutes an open substack, as desired. 
4.2.4. When the fibers of X/S are Cohen-Macaulay, the entire discussion from the beginning of the
section until the present paragraph also yields a compactification coming from the induced inclusion
BPGLn →֒ P
O
X/S . We omit the details; the statements of the results are literally identical, with P
replacing T . Since T OX/S is much larger than P
O
X/S , it is preferable to use the latter whenever possible.
Thus, for example, if X/S is a smooth morphism, then there results an open immersion into a quasi-
proper Artin stack f∗ BPGLn →֒ f∗(P
O
X/S(n)(µn). This latter stack will play an important role in what
follows. We endow it with the following notation.
Notation 4.2.5. Given a µn-gerbe X , let M
X
n := f
X
∗ (P
O
X/S( µn).
There is a surjective map TwX /S(n,O)→ M
X
n which is universally closed and submersive.
5. AN EXPLICIT DESCRIPTION OF M Xn : GENERALIZED AZUMAYA ALGEBRAS
In this section, we use certain algebra objects of the derived category to give a concrete description
of M Xn . Using this description, we will show that when X is a smooth projective surface and X → X
has order n in H2(X,Gm) then M
X
n has a virtual fundamental class.
5.1. Derived Skolem-Noether. In this section, we work primarily in the derived category of mod-
ules over a local commutative ring (O,m, k). For the sake of a smoother exposition, we assume that O
is Noetherian, but this is unnecessary. On occasion, we will work in the category of chain complexes.
However, we will use the word “complex” in both settings; it will be clear in context whether we mean
an object of D(O) or an object of K(O). Similarly, “isomorphism” will be consistently used in place
of “quasi-isomorphism” and we will always assume that isomorphisms preserve whatever additional
structures of objects are implicit. Given a scheme X , the symbol D(X) will denote a derived cate-
gory of sheaves of OX -modules, with various conditions (boundedness, perfection, quasi-coherence of
cohomology) clear from context. In the end, it will suffice to work in the category denoted DfTd(X) by
Hartshorne in [13], so the hypotheses on D will not be a focus of attention.
Definition 5.1.1. Given a scheme X , an object A ∈ D(X) will be called a weak O-algebra if there are
maps µ : A
L
⊗A → A and i : O → A in D(X) which satisfy the usual axioms for an associative unital
algebra, the diagrams being required to commute in the derived category.
In other words, a weak algebra is an algebra object of the derived category. Note that the derived
tensor product makes D(X) into a symmetric monoidal additive category (as the universal property
of derived functors ensures that all different associations of an iterated tensor product are naturally
isomorphic). Thus, it makes sense to speak of “associative” algebra structures.
Given an additive symmetric monoidal category, one can define most of the usual objects and maps
of the theory of algebras: (unital) modules, bimodules, linear maps, derivations, inner derivations,
maps of algebras, etc. We leave it to the reader to write down precise definitions of these terms, giving
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two examples: Given a map of weak algebras A → B, an O-linear derivation from A to B is a map
δ : A→ B in D(X) such that δ ◦ µA = µB ◦ (id
L
⊗ δ+ δ
L
⊗ id) in D(X). A derivation from A to A is inner if
there is an α : O → A such that δ = µ ◦ (α
L
⊗ id)− µ ◦ (id
L
⊗α).
Given a ring map O → O ′, the derived functor (·)
L
⊗O O
′ : D(O)→ D(O ′) respects the monoidal struc-
ture. There results a natural base change operation for weak algebras and modules. (This operation
will be consistently written as a change of base on the right to avoid sign errors.)
Similarly, given a weak algebra A and a left A-module P , the functor P
L
⊗(·) takes objects ofD(O) to
A-modules. This follows from the natural associativity of the derived tensor product.
The first non-trivial example of a weak algebra is given by
REnd(K) := RHom(K,K)
for a perfect complex K. Replacing K by a projective resolution, one easily deduces the weak algebra
structure from the usual composition of functions: if we write K as a finite complex of free modules
(which we will also call K), then REnd(K) has as nth module
∏
pHom(K
p,Kp+n), with differential
∂n(αp)q = (−1)
n+1αq+1d+ dαq. Since K is perfect, the nth module of REnd(K)
L
⊗REnd(K) is equal to∏
a+b=n
∏
s,t
Hom(Ks,Ks+a)⊗Hom(Kt,Kt+b)
and the multiplication projects to the factors with s = t + b and then composes functions as usual.
Setting K∨ = RHom(K,O) (the derived dual of K), we have the following basic lemma.
Lemma 5.1.2. Let K be a perfect complex.
(i) There is a natural isomorphismK
L
⊗K∨
∼
→ REnd(K).
(ii) There is a natural left action of REnd(K) on K.
Tensoring the action
REnd(K)
L
⊗K → K
with K∨ on the right and using (i) yields the multiplication of REnd(K).
It is essential that the action be written on the left (when using the standard sign convention for
forming the total complex of a double complex [18, I.1.2.1], [28, Appendix]) and that K∨ be written on
the right for the signs to work out. These kinds of sign sensitivities abound in the derived category
and require vigilance.
An algebra of the form REnd(K) will be called a derived endomorphism algebra. Our goal is to
re-prove the classical results about matrix algebras for derived endomorphism algebras of perfect com-
plexes.
Notation 5.1.3. The symbols P and Q will always be taken to mean perfect complexes with a chosen
realization as a bounded complex of finite free modules. Thus, maps P → Q in the derived category
will always come from maps of the “underlying complexes” (taken to mean the chosen realizations).
Similarly, REnd(P ) will have as chosen representative the complex constructed from the underlying
complex of P as above: REnd(P )n =
∏
tHom(P
t, P t+n) with differential ∂(αt)s = (−1)
n+1αs+1d+ dαs.
These conventions facilitate making certain basic arguments without speaking of replacing the ob-
ject by a projective resolution, etc., but it is ultimately only important for this book-keeping reason;
the reader may ignore it without fear (until it is explicitly invoked!).
Definition 5.1.4. Given M ∈ D(O), the annihilator of M is the kernel Ann(M) of the natural map
from O to EndD(O)(M). The quotient O/Ann(M) will be denoted by OM .
Given an isomorphism ψ : P → Q(n), there is an isomorphism ψ∗ : REnd(P ) → REnd(Q) given
by functorial conjugation by ψ followed by the natural identification of REnd(Q(n)) with REnd(Q).
We will call this the induced map. The map ψ∗ may also be described as follows: under the natural
identification of REnd(P ) with P
L
⊗P∨, ψ∗ is identified with ψ
L
⊗(ψ∨)−1.
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Theorem 5.1.5. Let P and Q be non-zero perfect complexes of O-modules. If REnd(P ) ∼= REnd(Q) as
weak algebras, then there exists a unique n such that the map
Isom(P,Q(n))→ Isom(REnd(P ),REnd(Q))
is surjective with each fiber a torsor under O×P . If P = Q, then n = 0 and the kernel is naturally a split
torsor.
Corollary 5.1.6. The sequence
0→ OP → End(P )→ Der(REnd(P ))→ 0
is exact. More generally, if P and Q(n) are isomorphic, then the map
Hom(P,Q(n))→ Der(REnd(P ),REnd(Q))
is surjective with each fiber naturally a torsor under OP .
Proof. Apply Theorem 5.1.5 to P [ε] (as a complex over O[ε]) and look at automorphisms of the weak
algebra REndO[ε](P [ε]) reducing to the identity modulo ε. 
The proof of Theorem 5.1.5 will make use of the completion of O to lift the classical theorems on
matrix algebras from the closed fiber by “infinitesimal induction.”
Proposition 5.1.7. If O is a field k then Theorem 5.1.5 and Corollary 5.1.6 hold.
Proof. The bounded derived category of k is naturally identified with the category of Z-graded finite
k-modules by sending a complex to the direct sum of its cohomology spaces. Given perfect complexes
P and Q, the algebra REnd(P ) (resp. REnd(Q)) is then identified with a matrix algebra, carrying the
induced grading from the grading of the vector space P (resp.Q), and an isomorphism fromREnd(P )→
REnd(Q) is identified with an isomorphism of matrix algebras which respects the gradings. By the
allowance of a shift, we may restrict our attention to graded spaces whose minimal non-zero graded
piece is in degree 0; any reference in what follows to graded vector spaces will implicitly assume this
hypothesis. (Of course the algebras involved will still carry non-trivial graded pieces with negative
degrees.)
Let A be a graded matrix algebra of rank n2 and V and W two graded n-dimensional vector spaces
with non-trivial graded A-actions. By the Skolem-Noether theorem, there is an A-linear isomorphism
α : V → W . We claim that α is graded. To prove this, it suffices to show that given a non-zero vector
v ∈ V0, α(v) is inW0 (because V andW are simple A-modules). Write α(v) =
∑
wi. Since V is a simple
A- module, An · v = Vn; a similar statement holds for W (given a choice of non-zero weight 0 vector,
which exists by the hypothesis on the gradings). Thus, the highest non-trivial grading N of A will
equal the highest non- trivial grading of both V andW . Furthermore, given any i such that wi 6= 0, the
fact that A−i · wi =W0 means that A−i 6= 0. Given i > 0 such that wi 6= 0, we have for all τ ∈ A−i that
0 = α(0) = α(τ(v)) = τ(α(v)) = τ
(∑
wj
)
= τ(wi) + higher terms.
Thus, τ(wi) = 0, which implies that W0 = 0. This contradicts the assertion that W0 is the minimal
non-trivial graded piece. So wi = 0 for all i > 0 and therefore w ∈ W0. Translating this back into
the derived language, we have proven that given an isomorphism ϕ : REnd(P ) → REnd(Q), there is
an isomorphism P → Q in D(k) which induces ϕ by functoriality. In fact, we have shown the rest of
the proposition as well, because α is the unique choice for such an isomorphism up to scalars by the
Skolem-Noether theorem.
To prove Corollary 5.1.6, let V = ⊕Vi be a graded vector space and T ∈ End(V ) a non-central linear
transformation. We wish to show that if the (non-trivial) inner derivation by T is homogeneous of
degree 0 then T is homogeneous of degree 0. To do this, consider the restriction of T to the degree 0
part of End(V ). Let T n be a graded component of T (so that T n : V → V shifts degrees by n). Let V m be
a graded component such that the induced transformation T n : V m → V m+n is non-zero. Consider the
graded linear transformation (of degree 0) S : V → V which acts as the identity on V m and annihilates
every other component. It is easy to see that the commutator [T n, S] is T nS, which implies that [T, S]
has a non-trivial component of degree n. Since the derivation [T,−] is homogeneous of degree 0, it
follows that n = 0, and thus T is homogeneous of degree 0, as desired. 
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Lemma 5.1.8. Theorem 5.1.5 is true for O if it is true for Ô.
Proof. We proceed by reducing the problem to a question of linear algebra and then using the faithful
flatness of completion.
Suppose given P and Q and an isomorphism ϕ : REnd(P ) → REnd(Q); this defines an action of
A := REnd(P ) on Q. We claim that finding u : P → Q such that ϕ = u∗ is equivalent to finding an
A-linear isomorphism from P to Q. Indeed, suppose u : P → Q is A-linear, so that the diagram
REnd(P )
L
⊗P
ϕ
L
⊗u //

REnd(Q)
L
⊗Q

P
u // Q
commutes, where the vertical arrows are the actions. Tensoring the left side with P∨ and the right
side with Q∨, we see that the resulting diagram
REnd(P )
L
⊗P
L
⊗P∨
ϕ
L
⊗u
L
⊗(u∨)−1 //

REnd(Q)
L
⊗Q
L
⊗Q∨

P
L
⊗P∨
u
L
⊗(u∨)−1 //
Q
L
⊗Q∨
also commutes. Applying Lemma 5.1.2 and writing B for REnd(Q), we find that the diagram
A
L
⊗A
u∗
L
⊗ϕ //

B
L
⊗B

A
u∗ // B
commutes, where the vertical arrows are the multiplication maps. Considering the units in the alge-
bras, one readily concludes the proof of the claim. Note that to conclude that any such u as above is
an isomorphism, it suffices for its reduction to the residue field to be an isomorphism (e.g. because the
complexes are bounded above).
It is easy to see (using the realization in terms of diagrams of finite flat O-modules) that HomD(O) is
compatible with flat base change and completion when restricted to the category of perfect complexes:
given a flat ring extension O → O ′, there is a natural isomorphism
HomD(O′)(M
L
⊗O ′, N
L
⊗O ′) ∼= HomD(O)(M,N)⊗O
′
for all perfect M and N in D(O). Furthermore, given a perfect weak algebra Ξ, the realization of the
module of Ξ-linear maps as a kernel of maps of Hom-modules shows that the same statement is true
for HomΞ. Thus there is a commutative diagram
HomΞ(M,N)

// HombΞ(M̂, N̂)

HomΞ(M,N)⊗O k
''PP
PPP
PPP
PPP
PP
HombΞ(M̂, N̂)⊗ bO k
vvnnn
nnn
nnn
nnn
Hom
Ξ
L
⊗ k
(M
L
⊗ k,N
L
⊗ k).
with surjective vertical arrows. This immediately applies to our situation to show that the map of
Theorem 5.1.5 is surjective forO if it is for Ô (for a fixed n, which may be determined from the reduction
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to the residue field). Indeed, a Ξ̂-linear map M̂ → N̂ yields an element of HombΞ(M̂, N̂)⊗ k whose
image in the bottom module is an isomorphism. It follows from the diagram that there is a Ξ-linear
map u : M → N whose (derived) reduction to k is an isomorphism, whence u is an isomorphism by
Nakayama’s lemma for perfect complexes (see e.g. Lemma 2.1.3 of [23]).
Similarly, to verify that an isomorphism ξ : P
∼
→ P in the kernel of the automorphism map is
homotopic to a constant, it suffices to show that an element ξ ∈ EndD(O)(P ) is in OP if and only if this
is true after completing. But the module of maps homotopic to a constant is also clearly compatible
with flat base change and completion is moreover faithfully flat (all modules involved are finite over O
because the complexes involved are perfect), so ξ is in a submodule Z of End(P ) if and only if its image
in End(P )⊗ Ô is contained in Z ⊗ Ô. 
From this point onward,we assume that O is a complete local Noetherian ring. Recall that a quotient
of local rings 0→ I → O → O → 0 is small if I is generated by an element ε which is annihilated by the
maximal ideal of O (so that, in particular, ε2 = 0). We can choose a filtration O ⊃ m = I0 ⊃ I1 ⊃ I2 ⊃ · · ·
which is separated (i.e., so that ∩iIi = 0) and defines a topology equivalent to the m-adic topology such
that for all i ≥ 0, the quotient 0 → Ii/Ii+1 → O/Ii+1 → O/Ii → 0 is a small extension, with Ii/Ii+1
generated by εi. We fix such a filtration for remainder of this section, and we denote O/In by On.
Lemma 5.1.9. Let 0→ I → R → R → 0 be a surjection of rings. Let A be a weak R-algebra and P and
Q two left A-modules. Let T denote the triangle in D(R) arising from the quotient map R→ R.
(i) The maps in P
L
⊗T are A-linear (with the natural A-module structures).
(ii) Any A-linear map ψ : P → Q
L
⊗R factors through an A-linear map ψ : P
L
⊗R → Q
L
⊗R which is
the derived restriction of scalars of an A
L
⊗R-linear map from P
L
⊗R to Q
L
⊗R.
(iii) If R → R is a small extension of local rings with residue field k, then the natural identification
P
L
⊗ I
∼
→ Pk induced by a choice of basis for I over k is A-linear.
Proof. Note that basic results about homotopy colimits allow us to replace any object of D(R) by a
complex of projectives, so there are no boundedness conditions on any of the complexes involved. Part
(i) follows immediately from the fact that P
L
⊗(·) is a functor from D(R) to A-modules. Part (ii) follows
from writing P and A as complexes of projectives and representing the map P → Q
L
⊗R as a map on
complexes. (Note that this factorization need not be unique as a map in D(R), but it is unique as the
derived restriction of scalars from a map in D(R).) Part (iii) follows similarly from looking at explicit
representatives of P and A. 
Lemma 5.1.10. Suppose f, g : P → Q are two maps of perfect complexes in K(O). Let Pn = P ⊗On,
Qn = Q⊗On, fn = f ⊗On, gn = g⊗On. Suppose there are homotopies
h(n) ∈
∏
t
Hom(P t, Qt−1⊗ In)
such that for all n,
fn − gn = d
(∑
s<n
h¯(s)
)
+
(∑
s<n
h¯(s)
)
d
as maps of complexes, where h¯ denotes the induced map. Then f is homotopic to g.
Proof. The element h =
∑∞
s=0 h(s) converges and defines the homotopy. 
Lemma 5.1.11. Let 0 → I → R → R → 0 be a small extension of local rings with residue field
k. Let P and Q be perfect complexes of R-modules (with chosen realizations) and ϕ : REnd(P ) →
REnd(Q) an isomorphism of the derived endomorphism algebras, written as a map in that direction on
the underlying complexes. If there exists an isomorphism of the underlying complexes u : P
∼
→ Q such
that ϕ = u∗ as maps of complexes, then there is a lift u of u and a homotopy h between ϕ and u∗ such
that h(REnd(P )) ⊂ REnd(Q)⊗ I. In particular, ϕ = u∗ in D(R).
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Proof. Let A = REnd(P ) and let A act on Q via ϕ. The identification of ϕ with u∗ provides an A-linear
isomorphism γ : P → Q, and we wish to lift this to an A-linear isomorphism P → Q. Consider the
composition P → Q→ Q⊗ I(1) ∼= Qk(1) in the derived category. By Lemma 5.1.9, this map is A-linear
and factors through an A-linear map α : Pk → Qk(1) which comes by derived restriction of scalars from
an Ak-linear map in D(k). By Proposition 5.1.7 (and the method of its proof), we see that α is either
zero or an isomorphism. But Pk ∼= Qk 6∼= 0, which implies that α = 0. This means that there is an
R-linear lift γ of γ. Now (γ∗)−1 ◦ϕ− id is identified with a mapREndk(Pk)→ REndk(Pk) inD(k) which
is a derivation of the algebra, hence is homotopic to the inner derivation induced by a map ωk : Pk → Pk
in D(k). Writing ω for the composition
P // Pk
ωk // Pk
∼= //
P
L
⊗ I
// P,
we see that there is a homotopy between ϕ and γ(1+ω)∗ with image in REnd(Q)⊗ I, and that γ(1+ω)
is a lift of γ as maps of complexes. 
Lemma 5.1.12. Let 0 → I → R → R → 0 be a small extension of local rings with residue field k. Let
P be a perfect complex of R-modules (with a chosen realization) and ψ : P → P an automorphism of
the underlying complex such that ψ = α for some α ∈ RP as maps of the complex P and such that ψ
∗ is
homotopic to the identity as a map of weak algebras. Then there is a unit α lifting α and a homotopy h
between ψ and α such that h(REnd(P )) ⊂ REnd(P )⊗ I.
Proof. The proof is quite similar to the proof of Lemma 5.1.11, using the left half of the exact sequence
of Corollary 5.1.6 rather than the right half. 
Proposition 5.1.13. Theorem 5.1.5 holds for O (now assumed complete).
Proof. Given an isomorphism ϕ : REnd(P )
∼
→ REnd(Q), we may assume after adding zero complexes
to P and Q, shifting Q, and applying a homotopy to ϕ, that there is an isomorphism ψ0 : P0 → Q0 such
that ϕ0 = ψ
∗
0 as maps of complexes. We can now apply Lemma 5.1.11 to arrive at an isomorphism ψ1
lifting ψ0 and a homotopy h(0) with image in REndO1(Q1)⊗O1 I0/I1 between ϕ1 and ψ
∗
1 . Lift h(0) to a
homotopy h(0) with image inREnd(Q)⊗ I0. Then (ϕ−(dh(0)+h(0)d))1 = ψ
∗
1 as maps of complexes, and
we may find a homotopy h(1), etc. By Lemma 5.1.10, we see that there is an isomorphism ψ : P → Q
such that ϕ = ψ∗ in D(O). A similar argument shows that the kernel is O∗P . 
5.2. The construction ofGAz. In this section, we define a stack which we will use to compactify the
stack of Azumaya algebras. While the definition is rather technical in general, in the case of a relative
surface it assumes a simpler and more intuitive form.
Let (X,O) be a ringed topos.
Definition 5.2.1. A pre-generalized Azumaya algebra onX is a perfect algebra object A of the derived
category D(X) of OX -modules such that there exists an object U ∈ X covering the final object and a
totally supported perfect sheaf F on U with A |U ∼= REndU(F ) as weak algebras. An isomorphism of
pre-generalized Azumaya algebras is an isomorphism in the category of weak algebras.
5.2.1. Stackification. Consider the fibered category PR → Sche´t of pre-generalized Azumaya algebras
on the large e´tale topos over SpecZ. We will stackify this to yield the stack of generalized Azumaya
algebras. This is slightly different from the construction given in [22, 3.2], as we do not assume that
the fibered category is a pre-stack.
Lemma 5.2.1.1. Suppose T is a topos and C → T is a category fibered in groupoids. There exists a stack
C s, unique up to 1-isomorphism, and a 1-morphism C → C s which is universal among 1-morphisms to
stacks (up to 2-isomorphism).
Proof. The proof is the usual type of argument. A reader interested in seeing a generalization to stacks
in categories larger than groupoids should consult [10]. First, we may assume that in fact C → T
admits a splitting (after replacing C by a 1-isomorphic fibered category). Define a new fibered category
C p as follows: the objects will be the same, but the morphisms between two objects a and b over t ∈ T
will be the global sections of the sheafification of the presheaf Homt(a, b) : (s
ϕ
−→ t) 7→ Homs(ϕ
∗a, ϕ∗b) on
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t. Clearly C p is a prestack (i.e., given any two sections a and b over t, the hom-presheaf just described
is a sheaf) and the natural map C → C p of fibered categories over T is universal up to 1-isomorphism
for 1-morphisms of C into prestacks. Now we apply [22, 3.2] to construct C s as the stackification of
C p. 
Definition 5.2.1.2. The stack of generalized Azumaya algebras on schemes is defined to be the stack
in groupoids PRs → Sche´t associated to the fibered category of pre-generalized Azumaya algebras.
Remark 5.2.1.3. Explicitly, given a schemeX , to give a generalized Azumaya algebra onX is to give an
e´tale 3-hypercovering Y ′′
// //// Y ′
//// Y // X , a totally supported sheaf F on Y , and a gluing
datum for REndY (F ) in the derived category D(Y
′) whose coboundary in D(Y ′′) is trivial. Two such
objects (Y1,F1, δ1) and (Y2,F2, δ2) are isomorphic if and only if there is a common refinement Y3 of the
3-hypercovers Y1 and Y2 and an isomorphism ϕ : F1|Y3
∼
→ F2|Y3 commuting with the restrictions of
δ1 and δ2. Thus, a generalized Azumaya algebra is gotten by gluing “derived endomorphism algebras”
together in the e´tale topology. WhenX is a quasi-projective smooth surface, or, more generally, a quasi-
projective scheme smooth over an affine with fibers of dimension at most 2, then the sections of PR
over X are the same as the sections of PRs over X ; see Section 6.4.
Example 5.2.1.4. Let π : X → X be a µn-gerbe and F a totally supported perfect X -twisted sheaf.
The complex Rπ∗REndX (F ) ∈ D(X) is a pre-generalized Azumaya algebra, hence has a naturally
associated generalized Azumaya algebra. We will see below that the global sections of the stack PRs
are precisely the weak algebras of this form.
Lemma 5.2.1.5. Let F and G be totally supported perfect sheaves on a Gm-gerbe X → X .
(1) The sheaf of isomorphisms between the generalized Azumaya algebras associated to the weak
algebras Rπ∗REnd(F ) and Rπ∗REnd(G ) is naturally isomorphic to Isom(F ,G )/Gm, with Gm
acting by scalar multiplication on G .
(2) Any isomorphism of generalized Azumaya algebras ϕ : Rπ∗REnd(F )
∼
→ Rπ∗REnd(G ) is the
isomorphism associated to an isomorphism F
∼
→ L ⊗G for some invertible sheaf L on X .
Proof. Temporarily write I for the sheaf of isomorphisms of generalized Azumaya algebras from
Rπ∗REnd(F ) to Rπ∗REnd(G ). There is clearly a map χ : Isom(F ,G )/Gm → I . To verify that it
is an isomorphism, it suffices to verify it e´tale-locally on X , whence we may assume that X is strictly
local. Choosing an invertible X -twisted sheaf and twisting down F and G , we are reduced to showing
the analogous statement for totally supported sheaves on X itself. Any local section of I comes from
an isomorphism of weak algebras REnd(F )
∼
→ REnd(G ), so Theorem 5.1.5 shows that χ is surjective.
Similarly, any section of the kernel of χ must locally be trivial, whence χ is an isomorphism.
The second part is a formal consequence of the first: there is an e´tale covering U → X such that
ϕ|U is associated to an isomorphism ψ : F |U
∼
→ G |U . The coboundary of ψ on the product U ×X U
is multiplication by some scalar, which is a cocycle by a formal calculation. This gives rise to the
invertible sheaf L ; tensoring with L makes the coboundary of ψ trivial, whence it descends to an
isomorphism F → L ⊗G inducing ϕ, as desired. 
Definition 5.2.1.6. Let A be a generalized Azumaya algebra on X . The gerbe of trivializations of A ,
denoted X (A ), is the stack on the small e´tale site Xe´t whose sections over V → X given by pairs
(F , ϕ), where F is a totally supported sheaf on V and ϕ : REndV (F )
∼
→ A |V is an isomorphism
of generalized Azumaya algebras. The isomorphisms in the fiber categories are isomorphisms of the
sheaves which respect the identifications with A , as usual.
This is entirely analogous to the gerbe produced in section V.4.2 of [10]. There is also an analogue
of the µn-gerbe associated to an Azumaya algebra of degree n.
Definition 5.2.1.7. Given a generalized Azumaya algebra A of degree n on X , the gerbe of trivialized
trivializations of A , denoted Xtriv(A ), is the stack on the small e´tale site of X whose sections over
U → X consist of triples (F , ϕ, δ) with ϕ : REndU (F )
∼
→ AU an isomorphism of generalized Azumaya
algebras and OU
∼
→ det(F ) an isomorphism of invertible sheaves on U . The isomorphisms in the
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fiber categories are isomorphisms of the sheaves which preserve the identifications with A and the
trivializations of the determinants.
Lemma 5.2.1.8. The stack X (A ) is a Gm-gerbe. If A has degree n, then Xtriv(A ) is a µn-gerbe whose
associated cohomology class maps to [X (A )] in H2(X,Gm).
Proof. This follows immediately from the derived Skolem-Noether Theorem 5.1.5 and the fact that all
of the sheaves F are totally supported. 
Corollary 5.2.1.9. A generalized Azumaya algebra A has a class in H2(X,Gm). When the rank of A
is n2, A has a class in H2(X,µn) (in the fppf topology).
Definition 5.2.1.10. When rkA = n2, we will call the cohomology class in H2(X,µn) the class of A ,
and write cl(A ).
Let π : X (A )→ X denote the natural projection.
Lemma 5.2.1.11. There is an X (A )-twisted sheaf F and an isomorphism of generalized Azumaya
algebras ϕ : Rπ∗REndX (A )(F )
∼
→ A . The datum (X (A ),F , ϕ) is functorial in A .
Proof. As usual, the construction of X (A ) yields by first projection a twisted sheaf F . Whenever
X (A ) has a section f over V , there is an isomorphism REndV (f
∗F )→ A |V by construction, and this
is natural in V and f . This is easily seen to imply the remaining statements of the lemma. 
Let D → Sche´t denote the fibered category of derived categories which to any scheme X associates
the derived categoryD(X) of e´tale OX -modules.
Proposition 5.2.1.12. There is a faithful morphism of fibered categories PRs → D which identifies
PRs with the subcategory of D whose sections over X are weak algebras of the form Rπ∗REndX (F ),
where π : X → X is a Gm-gerbe, and whose isomorphisms Rπ∗REndX (F )
∼
→ Rπ′∗REndX ′(F
′) are
naturally a pseudotorsor under Aut(F )/Gm.
Proof. The morphism PRs → D comes from Lemma 5.2.1.11. Given A and B, an isomorphism
ϕ : A → B induces an isomorphism X (A )
∼
→ X (B). Thus, given X ,F ,X ′,F ′, an isomorphism
Rπ∗REnd(F )
∼
→ Rπ′∗REnd(F
′) induces an isomorphism ε : X → X ′ and an isomorphism of general-
ized Azumaya algebrasRπ∗REnd(F )
∼
→ Rπ∗REnd(ε
∗F ′). (In particular, any isomorphism is identified
with an isomorphism of the underlying weak algebras.) By Lemma 5.2.1.5, once there is an isomor-
phism the set of isomorphisms is a torsor under Aut(F )/Gm, as claimed. The faithfulness also results
from Lemma 5.2.1.5. 
Remark 5.2.1.13. When X = X ′ in Proposition 5.2.1.12, the sheaf of isomorphisms is simply identified
with the quotient sheaf Isom(F ,F ′)/Gm. This will be the case when we study the moduli of general-
ized Azumaya algebras on a surface, as the (geometric) Brauer class will be constant in families.
Thus, at the end of the complex process of stackification, one is left simply with the derived endomor-
phism algebras of twisted sheaves, with a subset of the quasi-isomorphisms giving the isomorphisms.
5.2.2. Identification with rigidifications. Let GX(n) be the stack of generalized Azumaya algebras on
X of degree n.
Proposition 5.2.2.1. The morphism ρ : T parfX → GX sending F to REnd(F ) yields an isomorphism
TX( Gm
∼
→ GX .
Proof. It follows from Theorem 5.1.5 that GX is the stackification of the prestack given by taking totally
supported sheaves and replacing Isom(F ,G ) with Isom(F ,G )/Gm. But this is precisely how T
parf
X (Gm
is constructed! 
Lemma 5.2.2.2. If Q → Q′ is a morphism of prestacks on a site which is fully faithful on fiber cate-
gories and an epimorphism (i.e., any object of Q′ is locally in the image of Q) then the induced map of
stackifications is an isomorphism.
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Proof. An object of the stackification is just an object of the prestack with a descent datum. Moreover,
refining the descent datum yields a naturally isomorphic object of the stackification. Thus, we see
that the map on stackifications Q˜ → Q˜′ is fully faithful and an epimorphism. (Indeed, after refining
the descent datum on an object of Q′, we can assume the object and descent datum come from Q.) It
follows that it must be an isomorphism. 
Proposition 5.2.2.3. Assume n is invertible on X . The morphism ρ : T OX (n) → GX(n) sending F to
REnd(F ) yields an isomorphism T OX( µn
∼
→ GX .
Proof. In light of Proposition 5.2.2.1, it is enough to prove that the natural map ϕ : T OX (n) → TX(n)
yields an isomorphism of the appropriate rigidifications. Clearly, ϕ is an epimorphism. Moreover, for
anyF and G with trivialized determinants, ϕ induces an isomorphism of sheaves f : Isomdet(F ,G )/µn
∼
→
Isom(F ,G )/Gm. To check this, it is enough to suppose X = SpecA is strictly Henselian. Since n is
invertible on X , any unit of A has an nth root, from which it follows that f is surjective. If γ : F → G
and η : F → G are isomorphisms which preserve determinants and differ by multiplication by a scalar
θ on G then θ must be an nth root of unity, which shows that f is injective.
Forming prestacks by dividing out by the appropriate scalars, we thus find a morphism of prestacks
Q → Q′ which is fully faithful on fiber categories and is an e´tale epimorphism. Applying Lemma
5.2.2.2 completes the proof. 
5.2.3. The relative case. Now we push everything forward (with one important Warning 5.2.3.2 below)
to define relative stacks of generalized Azumaya algebras.
Definition 5.2.3.1. Let f : X → S be a morphism. A relative generalized Azumaya algebra on X/S is
a generalized Azumaya algebra on X whose local sheaves are S-flat and totally pure in each geometric
fiber. This is equivalent to writing A ∼= Rπ∗REndX (F ) with X → X a Gm-gerbe and F an S-flat
X -twisted sheaf which is totally pure in every geometric fiber.
Warning 5.2.3.2. Even though the absolute theory of generalized Azumaya algebras used totally sup-
ported sheaves, in the relative theory we will use totally pure sheaves. While this is not necessary for
the abstract results to be true, it gives a better moduli theory when X/S is sufficiently nice (e.g., a
smooth projective surface).
As in Definition 5.2.1.6, one may define the class of such a generalized Azumaya algebra. Let
X → X be a fixed µn-gerbe, with n ∈ OS(S)
×.
Notation 5.2.3.3. Let GAzX /S(n) denote the stack of generalized Azumaya algebras on X/S of rank
n2 in every geometric fiber whose class agrees with [X ] e´tale locally around every point on the base.
When we do not wish to specify the cohomology class, we will write GAzX/S(n) for the stack of gener-
alized Azumaya algebras of rank n2 on each fiber.
When X → S is proper and n is invertible on S, the condition that the cohomology class agree with
[X ] e´tale-locally on S is equivalent to the condition that it agree with [X ] in every geometric fiber.
5.2.4. Identification of GAzX /S(n) with M
X
n . Let GX/S(n) be the stack on Xre´t parametrizing gener-
alized Azumaya algebras which are locally isomorphic to REnd(F ) with F an object of PparfX/S(n). An
argument identical to Proposition 5.2.2.1 shows that the natural map POX/S(n) → GX/S(n) yields an
isomorphism POX/S(n)( µn
∼
→ GX/S(n).
On the other hand, it is easy to see that GAzX/S(n) = f∗(GX/S(n)) andGAzX /S(n) = f
X
∗ (GX/S(n)).
We conclude that GAzX /S(n) ∼= M
X
n , thus showing that generalized Azumaya algebras give a coher-
ent model for M Xn . Moreover, it is easy to see that M
X
n (c) is identified with the stack of generalized
Azumaya algebras of the form RHom(F ) with F an X -twisted sheaf with trivialized determinant
and deg c2(F ) = c/2n. This condition is equivalent to the condition that deg c2(REnd(F )) = c, giving a
coherent interpretation of M Xn (c).
For the reader uncomfortable with the stackification procedure (in spite of its concrete outcome), we
will show in Section 6.4 that when X is a surface stackification is in fact unnecessary.
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6. MODULI OF STABLE PGLn-TORSORS ON SURFACES
For the rest of this paper, we assume that S = Spec k with k a separably closed field and X/S a
smooth projective surface with a fixed ample divisor H .
6.1. Stability of torsors. We first recall a basic definition.
Definition 6.1.1. Given a torsion free sheaf F , the slope of F is degF/ rkF .
To define stability for PGLn-torsors, we use the adjoint sheaf. As described in Section 3.3, this
adjoint sheaf naturally comes with an algebra structure, which we will use in our definition.
Definition 6.1.2. An Azumaya algebra A on X is stable if for all non-zero right ideals I ⊂ A of rank
strictly smaller than rkA we have µ(I ) < 0.
Remark 6.1.3. It is equivalent to quantify over left ideals. Thus, one could state the definition by
omitting the word “right” and quantifying over arbitrary ideals, understood as right or left ideals. It is
of course not sufficient to quantify over two-sided ideals.
Remark 6.1.4. This definition is meant to apply only to the classical notion of slope-stability, and not
to the more refined notion due to Gieseker. While such notions of stability using normalized Hilbert
polynomials are essential for the development of moduli theory using Geometric Invariant Theory
(GIT), they are somewhat artificial in the sense that they no longer correspond to the existence of
a Hermite-Einstein connection. (However, recent work of Wang [34, 35] has clarified the analytic
meaning of Gieseker-stability in terms of the existence of certain weak Hermite-Einstein connections.)
One way to understand the compactifications of the stack of slope-stable bundles – using slope-
semistability or Gieseker-semistability, GIT-bound or purely stacky, etc. – is that each really only
serves to impose the kind of inductive strucure on the moduli problem necessary to prove theorems
about the actual part of interest: the open sublocus of slope-stable bundles. Working in a GIT-free
manner (which is necessary in the context of twisted sheaves) frees us to ignore the subtleties (both
algebraic and analytic) of Gieseker-stability. This is pursued in [24], where the asymptotic properties
of moduli are proved entirely without GIT.
6.1.5. To relate Definition 6.1.2 to the cover of f∗(BPGLn) by the stack of twisted sheaves, we recall
some rudiments from the theory of Chern classes for twisted sheaves. A different development of the
theory of Chern classes for twisted sheaves and the relationship to the theory described here is given
in [14].
Given a coherent X -twisted sheaf F , we can use the rational Chow theory of X to define Chern
classes ci(F ), i = 1, 2. (The first Chern class c1(F ) is just the class in Chow theory associated to the
invertible sheaf detF .) There is also a degree map from d : A0(X ) → Q; this has the property that
the 0-cycle supported over a closed point of X has degree 1/n. We define a normalized degree function
by deg = nd. Using this degree, we have the following definition.
Definition 6.1.6. A torsion free X twisted sheaf V is stable if for every subsheaf W ⊂ V we have
µ(W ) < µ(V ).
As a special case of 2.2.7.22 of [25], it follows that if F is a flat family of coherentX -twisted sheaves
parametrized by T with trivialized determinant, then the function t 7→ deg c2(Ft) is locally constant on
T . Moreover, by Proposition 4.3.1.2 of [24], we have that stability is an open condition in a flat family
of torsionfree X -twisted sheaves.
Notation 6.1.7. Let TwX /k(n,O, c) ⊂ TwX /k(n,O) denote the open and closed substack parametriz-
ing families such that deg c2(Ft) = c in each geometric fiber. Let Tw
s
X /k(n,O, c) ⊂ TwX /k(n,O, c)
denote the open substack whose objects over T are families F such that the fiber Ft is stable for each
geometric point t→ T .
Lemma 6.1.8. A locally free X -twisted sheaf V is stable if and only if the Azumaya algebra π∗End(V )
is stable.
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Proof. Given a subsheaf W ⊂ V , a straightforward computation shows that µ(Hom(V ,W )) = µ(W )−
µ(V ). On the other hand, any right ideal of A has the form Hom(V ,W ) for a subsheaf W ⊂ V . The
result follows. 
6.1.9. Suppose B → S is a k-scheme and T → XB is a PGLn-torsor. Let A be the locally free sheaf (of
rank n2) associated to the adjoint torsor (which is a GLn2-torsor). Using the Riemann-Roch theorem,
the invariance of Euler characteristic in a flat family, and the fact that detA ∼= O, we see that the
function b 7→ deg c2(Ab) is locally constant on B. This provides a numerical invariant of a PGLn-torsor
which is constant in a family. Given a µn-gerbe X → X and an integer c, let (f
X
∗ BPGLn)(c) be the
substack of fX∗ BPGLn parametrizing families where the locally free sheaf associated to the adjoint
bundle has deg c2 = c in every fiber.
Thus, there is a decomposition
f∗ BPGLn = ⊔X ⊔c (f
X
∗ BPGLn)(c),
where the first disjoint union is taken over a set of µn-gerbe representatives for H
2(X,µn) and the
second is taken over Z. Similarly, there is a decomposition
f∗(BPGLn)
s = ⊔X ⊔c (f
X
∗ (BPGLn)
s
of stable loci.
Lemma 6.1.10. Given an integer c, the closed and open substack TwX /S(n,O, c/2n) is equal to the
preimage of its image in M Xn . Similarly, Tw
s
X /k(n,O, c/2n) is equal to the preimage of its image in
M Xn .
Proof. Given a point p of M Xn which lifts into [F ] ∈ TwX /S(n,O, c/2n), it is easy to see that the full
preimage of p in TwX /S(n,O) is given by the twists F ⊗L with L ∈ PicX/S [n]. But these have the
same (rational) Chern classes as F , as L is trivial, so they also lie in TwX /S(n,O, c/2n). The second
statement follows from the fact that F is stable if and only if F ⊗L is stable for an invertible sheaf
L . 
Corollary 6.1.11. There is an open substack f∗(BPGLn)
s ⊂ f∗(BPGLn) parametrizing families P → XT
of PGLn-torsors such that for all geometric points t→ T the fiber Pt → Xt is a stable PGLn-torsor.
Proof. This follows from Lemma 6.1.10 and the fact that TwX /k(n,O)
lf → f∗(BPGLn) is universally
submersive. 
Since TwX /S(n,O, c/2n) is open (and closed) in TwX /S(n,O), it follows that there is a well-defined
open (and closed) substack M Xn (c) whose preimage is TwX /S(n,O, c/2n). There is an open sub-
stack M Xn (c)
s whose preimage is TwsX /k(n,O, c/2n). We have that each M
X
n (c) is quasi-proper and
that there is an open immersion fX∗ BPGLn(c) →֒ M
X
n (c) and an open immersion f
X
∗ BPGLn(c)
s →֒
M Xn (c)
s. Moreover, each M Xn (c) is covered by TwX /S(n,O, c/2n) in such a way that the fibers are
locally µn-gerbes over PicX/S [n]-torsors, and similarly for the open substacks parametrizing stable
objects. This covering restricts to a covering of (fX∗ BPGLn)(c)
s by TwsX /S(n,O, c/2n)
lf.
In particular, we have that M Xn (c)
s is irreducible, separated, . . . (resp. has any local property stable
for the e´tale topology) if (resp. if and only if) the same is true for TwsX /S(n,O, c/2n). Moreover, there
is a virtual fundamental class for M Xn (c)
s if and only if there is one for TwsX /S(n,O, c/2n).
Notation 6.1.12. Let GAzX /S(n)
s denote the open substack parametrizing stable generalized Azu-
maya algebras via the isomorphism GAzX /S(n)
∼
→ (M Xn )
s of Section 5.2.4.
6.2. Structure of moduli of twisted sheaves. The following results show that infinitely many of
the spaces TwsX /k(n,O, γ) are non-empty. It is a geometric restatement of the fundamental result of
de Jong [9] on the period-index problem for Brauer classes over functionf ields of algebraic surfaces.
Lemma 6.2.1. There is a stable locally free X -twisted sheaf of rank n.
A proof of this result may be found in Theorem 4.2.2.3 of [27] and Proposition 5.1.2 of [24].
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Lemma 6.2.2. Suppose F is a coherent X -twisted sheaf of rank n with deg c2(F ) = γ and detF ∼= O.
For each integer ℓ ≥ 0, there is a (noncanonical) subsheaf Fℓ ⊂ F such that dimF/Fℓ = 0, detFℓ ∼= O,
and deg c2(Fℓ) = γ + ℓ. If F is stable then so is Fℓ.
Proof. By induction, it suffices to construct F1. Choose a point x ∈ X(k) around which F is locally
free and let F ⊗κ(x)։ Q be a quotient with geometric fiber of dimension 1. (In other words, given an
algebraically closed extension field L/κ(x) and a map SpecL → X ⊗ κ(x), the pullback of Q to SpecL
is the sheaf associated to a one-dimensional vector space.) We claim that deg(c2(Q)) = −1, from which
the result follows by the multiplicativity of the total Chern polynomial. A proof of the claim uses the
Grothendieck-Hirzebruch-Riemann-Roch theorem for representable morphisms of Deligne-Mumford
stacks and can be found in the proof of Lemma 3.2.4.8 of [25] (where there is an unfortunate sign error
in the statement, even though the proof is correct!).
To deduce stability of F1 from stability of F , first note that the two sheaves agree in codimension
1. Since stability depends on a calculation of degree and this calculation depends only on a sheaf in
codimension 1, we see that we need only quantify over saturated subsheaves (see Definition 1.1.5 of
[16]), which are determined by their values in codimension 1. Thus, the criterion determining stability
of F and F1 quantifies over the same set of subsheaves with the same numerical calculations. 
Corollary 6.2.3. If TwsX /k(n,O, γ) is non-empty then so is Tw
s
X /k(n,O, γ + ℓ) for all integers ℓ ≥ 0.
The fundamental structure theorem concerning these moduli spaces is the following.
Theorem 6.2.4. There exists a constant C such that for all γ ≥ C,
(1) the open substack TwsX /k(n,O, γ)
lf ⊂ TwsX /k(n,O, γ) is schematically dense;
(2) TwsX /k(n,O, γ) is an irreducible proper normal lci tame Deligne-Mumford stack over k when-
ever it is non-empty;
(3) it is non-empty for infinitely many γ.
Proof. The third statement follows immediately from Corollary 6.2.3. For the proof of the first and
second, the reader is referred to paragraph 3.2.4.1 (and especially Theorem 3.2.4.11) of [25]. 
6.2.5. Since every object ofTwsX /k(n,O, γ) is geometrically stable, it is simple (see, e.g., Corollary 1.2.8
and Theorem 1.6.6 of [16]), i.e., its automorphisms are simply given by multiplication by scalars (in
µn, since the determinant is trivialized). It follows that Tw
s
X /k(n,O, γ) is a µn-gerbe over its coarse
moduli space TwsX /k(n,O, γ).
6.3. Consequences for M Xn and f
X
∗ BPGLn.
Theorem 6.3.1. There is a constant D such that for all c ≥ D,
(1) the open substack fX∗ BPGLn(c)
s is schematically dense in M Xn (c)
s;
(2) M Xn (c)
s is an irreducible proper normal lci tame Deligne-Mumford stack over k whenever it is
non-empty;
(3) it is non-empty for infinitely many c.
In particular, the open substack (fX∗ BPGLn)(c)
s is irreducible (and non-empty for infinitely many c).
Proof. The proof follows immediately by combining the covering described at the end of Section 4.2
with Lemma 6.2.1, Lemma 6.2.2, and Theorem 6.2.4. 
Recall that “lciq singularities” are by definition finite quotients of lci singularities.
Corollary 6.3.2. For sufficiently large c, the coarse moduli space (M Xn (c)
s)mod is an irreducible proper
normal algebraic space with lciq singularities.
Proof. Lemma 3.4.2.5 gives rise to a finite morphism TwsX /k(n,O, c/2n) → (M
X
n (c)
s)mod from the
coarse space of Paragraph 6.2.5 which is invariant for the natural action ofPicX/k[n] onTw
s
X /k(n,O, c/2n)
and such that the natural map χ : TwsX /k(n,O, c/2n)/PicX/k[n] → (M
X
n (c)
s)mod is birational. Since
the coarse space of a normal tame Deligne-Mumford stack is normal, it follows from Zariski’s Main
Theorem that χ is an isomorphism. Since TwsX /k(n,O, c/2n) is lci, it follows that (M
X
n (c)
s)mod is
lciq. 
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6.4. Stackification is unnecessary on a surface. Let f : X → S be a smooth projective relative
surface. We will prove here that pre-generalized Azumaya algebras onX as in Section 5.2 form a stack
on S.
Given a pre-generalized Azumaya algebra A on X , Lemma 5.2.1.11 produces a Gm-gerbe X , an
X -twisted sheaf F , and an isomorphism of generalized Azumaya algebras B := Rπ∗REnd(F )
∼
→ A .
We will show that in fact B and A are isomorphic as pre-generalized Azumaya algebras. We will
temporarily call B the associated twisted derived endomorphism algebra (or TDEA for short).
Proposition 6.4.1. Suppose f : X → S is a smooth (possibly non-proper) relative surface over an
affine scheme. Any pre-generalized Azumaya algebra A is isomorphic to the associated TDEA in PR.
Furthermore, the isomorphisms of two such weak algebras form a sheaf on S.
Proof. By standard arguments (e.g. Theorem 3.2.4 of [6] or Theorem 2.1.9 of [3]), it suffices to prove that
Ext−i(A ,A ) = 0 for all i > 0 (as long as we allow f : X → S to be arbirary with the stated hypotheses).
From the definition of pre-generalized Azumaya algebra, we know that A has cohomology only in
degrees 0 and 1, that H 0(A ) has totally pure fibers over S, and that H 1(A ) has support with relative
dimension 0. The natural triangle
H
0(A )→ A → H 1(A )[−1]
+
−→
gives rise to an exact sequence
Ext−i(H 1(A ),A [1])→ Ext−i(A ,A )→ Ext−i(H 0(A ),A ).
The left-hand group fits into an exact sequence
Ext−i(H 1(A ),H 0(A ))→ Ext−i(H 1(A ),A [1])→ Ext−i(H 1(A ),H 1(A ))
and the right-hand group fits into an exact sequence
Ext−i(H 0(A ),H 0(A ))→ Ext−i(H 0(A ),A )→ Ext−i−1(H 0(A ),H 1(A )).
(This is simply an explicit description of a certain spectral sequence, which is especially simple be-
cause A has so few cohomology sheaves.) We wish to show that the ends of the last two sequences
vanish, for which it is enough to show (using the local-to-global Ext-spectral sequence) that the Ext-
sheaves Ext∗(H ∗(A ),H ∗(A )) vanish for appropriate indices. But there are no negative Ext-groups
for modules over a ring. This completes the proof. 
Remark 6.4.2. When X/S is quasi-projective, one can also give an explicit proof of Proposition 6.4.1
(which does not rely on [6]) using resolutions by sums of powers of O(1).
6.5. Deformation theory and the virtual fundamental class. Let k be an algebraically closed
field and X/k a smooth projective surface over k. Fix a µn-gerbe X → X with n invertible in k.
6.5.1. Perfect obstruction theory for twisted sheaves. Let F be the universal X -twisted sheaf on X ×
TwsX /k(n,O). Write p (resp. q) for the projection of X ×Tw
s
X /k(n,O) to X (resp.Tw
s
X /k(n,O)). Recall
that there is a natural isomorphism
LX×Tws
X /k
(n,O)
∼= Łp∗LX ⊕ Łq
∗LTws
X /k
(n,O),
and that there is an isomorphism of functors (coming from Grothendieck duality for q)
Łq∗ ∼= Łq!
L
⊗Łp∗ω∨X [−2].
The Atiyah class
F → LX×Tws
X /k
(n,O)
L
⊗F [1]
yields by projection a map
F → Łq∗LTws
X /k
(n,O)[1]
L
⊗F .
Since F is perfect, this is equivalent (by the cher a` Cartan isomorphism) to a map
REnd(F )→ Łq∗LTws
X /k
(n,O)[1],
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yielding a map
REnd(F )→ Łq!LTws
X /k
(n,O)[−1]
L
⊗Łp∗ω∨X .
Applying Grothendieck duality yields a morphism
b : Rq∗RHom(F ,Łp
∗ωX
L
⊗F )→ LTws
X /k
(n,O)[−1]
and restriction to the traceless part finally yields a morphism
b0 : Rq∗RHom(F ,Łp
∗ωX
L
⊗F )0 → LTws
X /k
(n,O)[−1]
Proposition 6.5.1.1. The shifted map b0[1] gives a perfect obstruction theory for Tw
s
X /k(n,O).
Proof. There are three things to check: that the complex Rq∗RHom(F ,Łp
∗ωX
L
⊗F )0 is perfect of
amplitude [0, 1], that b0 induces an isomorphism on H
1 sheaves, and that b0 induces a surjection on
H0 sheaves. The first assertion follows from the compatibility of the formation of the complex with
base change on TwsX /k(n,O) (which shows that it is perfect, as its fibers are bounded complexes on
regular schemes) and the fact that the fibers of R2q∗RHom(F ,Łp
∗ωX
L
⊗F )0 over geometric points of
TwsX /k(n,O) compute (by Serre duality) the traceless endomorphisms of stable sheaves, which must
be trivial (so that the amplitude is as claimed). The other two assertions will follow from Illusie’s
theory. We already know (thanks to Illusie) that deformations and obstructions are governed by Atiyah
classes; we will describe how this allows us to show that b0 gives a perfect obstruction theory.
Since both the domain and codomain of b0 have no cohomology above degree 1, to show that b0 in-
duces an isomorphism on H1 sheaves, it suffices to show this after base change to geometric points
of TwsX /k(n,O). Given a geometric point x → Tw
s
X /k(n,O) corresponding to a twisted sheaf on
X ⊗κ(x), we know that Hom(LTws
X /k
(n,O), κ(x)) is naturally identified with the space T of first order
determinant-preserving deformations of F over κ(x)[ε]. Moreover, by the functoriality of our construc-
tion with respect to base change on TwsX /k(n,O), the map b0 is the Serre dual of the Kodaira-Spencer
map T → Ext1(F, F )0 (see e.g. Example 10.1.9 of [16]). This is well-known to give an isomorphism (e.g.,
Section 10.2 of [16]).
To show that H0(b0) is surjective, we may proceed as follows. Recall (IV.3.1.8 of [18]) that if A→ A0
is a small extension of B-algebras with kernel I in a topos and M is an A0-module, then one can find
the obstruction to deformingM to an A-module as the composition
M → LA0/B
L
⊗M [1]→ I
L
⊗M [2]→ I ⊗M [2],
where the first map is the Atiyah class of M with respect to A0/B, the second map comes from the
morphism LA0/B → I parametrizing the class of the extension A → A0, and the third map is the
natural augmentation onto the 0th cohomology module. To apply this to our case, consider a situation
SpecB ← SpecB0 → Tw
s
X /k(n,O)
with B → B0 a small extension of strictly Henselian local rings and kernel annihilated by the maximal
ideal ofB. We letA be the structure sheaf ofX ×SpecB andA0 that ofX ×SpecB0 = X ×SpecB×SpecB
SpecB0. Thus, we have that
LA0/B = Łp
∗LX ⊕ Łq
∗LB0/B.
Moreover, it is clear that the morphism LA0/B → OX ⊗ I[1] parametrizing the extension A → A0 is
given by the map
LA0/B → Łq
∗LB0/B → Łq
∗I[1].
By functoriality, composing the Atiyah class with the natural map
LTws
X /k
(n,O)|B0 → LB0/B
gives rise to the map
F → Łq∗LB0/B
L
⊗F [1]
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associated to the projection of the Atiyah class. Thus, we find that the obstruction to deforming F over
B is the element corresponding by Serre duality to the composition
Rq∗RHom(F ,Łq
∗ω
L
⊗F )|B0 → LTwX /k(n,O)[−1]|B0 → LB0/B [−1]→ κ.
On the other hand, the last two arrows give precisely the obstruction to extending the map SpecB0 →
TwX /k(n,O) to a map SpecB → TwX /k(n,O). Thus, the entire composition is trivial if and only if the
composition of the last two maps is trivial. Since any map LTwX /k(n,O) → κ[1] factors through some
deformation situation B → B0, this shows that H
0(b) is surjective. Using the fact that n is invertible
in k, and thus the existence of a splitting trace map, it is easy to see that the canonical obstruction
given here actually lies in the traceless part of Ext2(F ,F ); this shows that in fact H0(b0) is surjective,
as desired. 
The deformation theory described here has a concrete form: given a generalized Azumaya algebra
REnd(F ) on X , the first-order infinitesimal deformations form a pseudo-torsor under the hypercoho-
mology H1(X,REnd(F )0), while there is naturally a class in H
2(X,REnd(F )0) giving the obstruction
to deforming F . When F is locally free, so that REnd(F ) ∼= A is an Azumaya algebra, we recover the
well-known fact that H1(X,A0) parametrizes deformations of A, while H
2(X,A0) receives obstructions.
If A ∼= Hom(V ) is the sheaf of endomorphisms of a locally free sheaf on X with trivial(ized) deter-
minant, our general machine simply says that the deformation and obstruction theory of the algebra
A is the same as the deformation and obstruction theory of V as a locally free sheaf with trivialized
determinant. (This similarly describes the deformation theory of a twisted sheaf with trivialized de-
terminant.)
6.5.2. The virtual fundamental class ofGAzX /k(n)
s. By its construction,GAzX /k(n)
s is a subfibered
category of the fibered category of weak algebras on Xre´t. As such, there is a universal generalized
Azumaya algebra A on X ×GAzX /k(n)
s whose fibers over the moduli space have cohomology class
[X ]. If π : Y → X ×GAzX /k(n)
s is the gerbe of trivialized trivializations of A , then we have that
A ∼= Rπ∗REnd(F ) for some Y -twisted sheaf F . Moreover, the covering Tw
s
X /k(n,O)→ GAzX /k(n)
s
gives rise to an isomorphism
ρ : Y ×X×GAzX /k(n)s X ×Tw
s
X /k(n,O)
∼
→ X ×TwsX /k
and an isomorphism G → ρ∗F , where G is the universal twisted sheaf on X × TwsX /k(n,O). There
results a natural isomorphism of weak algebras REnd(F )
∼
→ Łρ∗A .
Letting A0 ⊂ A be the traceless part, there is an induced isomorphismREnd(F )0
∼
→ Łρ∗A0. Apply-
ing Proposition 3.4.3.7 and Proposition 6.5.1.1, we conclude that there is a perfect obstruction theory
A0 → LGAzX /k(n)s , giving rise to a virtual fundamental class on GAzX /k(n)
s.
6.6. A potential application: numerical invariants of division algebras over function fields.
Suppose that the cohomology class α of X in H2(X,Gm) has order n. If A is an Azumaya algebra
of degree n with cohomology class α, then the generic fiber of A must be a finite dimensional central
division algebra D over the function field k(X). In this case, we have an especially nice description of
the stable locus.
Lemma 6.6.1. When [X ] has order n in H2(X,Gm), any PGLn-torsor T with class α is stable.
Proof. Indeed, if A is the Azumaya algebra associated to T then any non-zero right ideal must have
rank n2, since the generic fiber of A is a division algebra. 
Thus, GAzX /k(n)
s is a proper Deligne-Mumford stack which carries a virtual fundamental class,
as described in Section 6.5.2. The following question was asked by de Jong.
Question 6.6.2. Does the virtual class [GAzX /k(n)
s]vir lead to any new numerical invariants attached
to D?
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Via Proposition 3.4.3.7(ff), any invariants coming from [GAzX /k(n)
s]vir will be closely related to
similar numbers attached to [TwsX /k(n,O)
s]vir. One might expect the latter invariants to be related to
Donaldson invariants.
One interesting direct comparison might arise as follows: suppose given a family of surfaces X→ S
and a class α ∈ H2(X,µn) with n invertible on the base, such that there are two geometric points
0, 1 → S such that α|X0 has order n in H
2(X0,Gm) and α|X1 vanishes in H
2(X1,Gm). (This happens
whenever there is jumping in the rank of the Ne´ron-Severi group in the family.) Assuming one could
prove deformation invariance of whatever invariants one eventually defines, one would then be able
to give a direct comparision between the division-algebra invariants attached to X0 and the classical
invariants attached to X1.
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